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ABSTRACT: We introduce the response function approach to model the weak lensing statistics
in the context of separate universe formalism. Numerical results for the RFs are presented
for various semi-analytical models that includes perturbative modelling and variants of halo
models. These results extend the recent studies of the Integrated Bispectrum and Trispectrum
to arbitrary order. We find that due to the line-of-sight projection effects, the expressions for
RFs are not identical to the squeezed correlation functions of the same order. We compute
the RFs in three-dimensions using the spherical Fourier-Bessel formalism which provides a
natural framework for incorporating photometric redshifts, and relate these expressions to
tomographic and projected statistics. We generalise the concept of k-cut power spectrum to
k-cut response functions. In addition to response functions, we also define their counterparts
in real space, since they are easier to estimate from surveys with low sky-coverage and non-
trivial survey boundaries.
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1 Introduction

The current generation of weak lensing surveys [1, 2] including the Subaru Hypersuprimecam
survey! (HSC) [3], Dark Energy Survey?(DES)[4], Dark Energy Spectroscopic Instruments
(DESI)?, Prime Focus Spectrograph®*, KiDS[5] are already able to put cosmological constraints
that are competitive with recent Cosmic Microwave Background surveys. The near-future
Stage-IV large scale structure (LSS) surveys such as Fuclid®[6], Rubin Observatory®[7] and
Roman Space Telescope|[8] will improve the constraints by an order-of-magnitude and provide
answers to many of the questions that cosmology is facing. These will provide answers to
many outstanding cosmological questions, including but not limited to, nature of dark matter
(DM), dark energy (DE), possible modifications of General Relativity (GR) on cosmological
scales [9, 10] and the sum of the neutrino masses [11].

"ttp://www.naoj.org/Projects/HSC/index . html
*https://www.darkenergysurvey.org/
Shttp://desi.1bl.gov

‘http://pfs.ipmu.jp
Shttp://sci.esa.int/euclid/
Shttp://www.lsst.org/lsst home.shtml
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Weak lensing observations target the relatively low-redshift (z ~ 1) universe and small
scales where the perturbations are in the nonlinear regime and their statistics are non-
Gaussian [1, 2, 12]. Indeed, understanding higher-order statistics is important as they can
significantly reduce the degeneracy in cosmological parameters[13]. Nevertheless, higher-order
statistics beyond the bispectrum and trispectrum are known to be difficult to model analyti-
cally, and in perturbation theory higher-order contributions becomes increasingly intractable
as the order increases. Analytical modelling of the weak lensing three-point correlation func-
tion was initiated in real-space in [13, 14], and parallel development in the harmonic domain
was initiated in [15, 16]. For early detection of non-Gaussianity see [17].

Another strand of work has involved designing and optimising estimators of non-Gaussianity.
The numerical estimators are computationally demanding to implement. In addition, higher-
order estimators are typically noise-dominated on small scales and cosmic variance dominated
on large scales. A large number of simulations are required to accurate characterization [18].
Many different estimators have recently been proposed which probe the higher-order statistics
of weak lensing maps [19]. These include the well-known real-space one-point statistics such
as the cumulants [20] or their two-point correlators also known as the cumulant correlators as
well as the associated PDF [21] and the peak-count statistics [22]. In the harmonic domain
the estimators such as the Skew-Spectrum[23], Integrated Bispectrum [24] kurt-spectra [25],
morphological estimator [26], integrated trispectrum [27], Betti number [28], extreme value
statistics [29], position-dependent PDF [30], density split statistics [31], response function for-
malism [32], statistics of phase [34-36], estimators for shapes of the lensing bispectrum [33]
are some of the statistical estimators and formalism recently considered by various authors in
the context of understanding cosmological statistics in general and weak lensing in particular.
In recent years approaches based on machine learning have also been employed [37].

The higher-order correlation functions are difficult to estimate from numerical simulations
or observational data. In recent years the squeezed limits of higher-order correlation functions
have been studied by many authors. These squeezed limits are also known as the response
functions. Theoretical predictions of squeezed higher-order spectra are computed using sep-
arate universe simulations. From the data analysis perspective, the response functions are
computed using exactly the same method employed for estimation of, e.g., Integrated Bispec-
trum, i.e., by dividing the survey volume/area into smaller regions and cross-correlating the
local power spectrum against the local average of a given statistics. This gives an estimate
of the global squeezed correlation functions. However, before applying to all-sky simulations
and/or observational data, analytical results can also be compared with Separate Universe
(SU) simulations.

The primary aim of this paper is to introduce the SU framework in the context of weak
lensing studies using the response function approach. We will use this statistic to probe non-
Gaussianity in weak lensing maps in projection (2D) as well as in three dimensions (3D). We
will show due to projection effects, the response functions are not identical to the higher-order
correlation functions in the squeezed limit but are closely related.

All previous works have focussed on three-dimensions (3D) response functions of the
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Figure 1: The response functions |k,,|YQx defined in Eq.(3.11) are shown. From left to
right panels depict N = 1,2 and N = 3. The source redshift is z; = 1. Various line styles
correspond to different analytical models, linear, one-loop and halo model as indicated (see
text for details).

density contrast 6. We will extend these results to weak lensing surveys in projection as well
as to weak lensing in 3D. Our results relate the weak lensing convergence response functions
Q. to the underlying matter response function R,. The response functions R, probe the
squeezed configurations of higher-order statistics and can be related to the derivative of the
matter power spectrum P(k) w.r.t. the local linear density contrast. In an analogus manner
the response functions @Q,, for weak lensing convergence k are related to the squeezed higher-
order spectra k and can be linked to the high-order derivatives of angular power spectrum
Cy.

This paper is arranged as follows. In §1 we introduce our notations, next, in §2 we
introduce the relevant concepts of weak lensing. The formalism of response functions in the
context of separate Universe formalism in §3. In §4 we develop the response functions for the
weak lensing. The response functions for k-cut correlation functions are presented in §5. The
results are discussed in §6 and conclusions and future prospects are presented in §7.

The cosmological model parameters used are the Planck2015 best-fit flat ACDM model
[39]: h =0.6727, £ = 0.0492, Q,,, = 0.3156, Q) = 0.6844, ns = 0.9645 and og = 0.831.

2 Weak Lensing Convergence in Projection

The projected (2D) weak lensing convergence &« is a line-of-sight integration of the underlying
three-dimensional (3D) cosmological density contrast 6. The x(0) at a position @ can be
expressed as follows:

K(0, z5) == /0 " W (r)o(r, 9): (2.1a)
2 T Ts — T
wir) = 0 1 dal )d%ﬂ) ) (2.1b)



We will suppress the variables r; unless we consider the case where the sources are not confined
in a single source plane. Here d4(r) is the comoving angular diameter distance at a comoving
distance r, i.e., k(0,zs) = k(0) and W (r.rs) = W(r). The kernel W (r) encodes geometrical
dependence; a is the scale factor, Hg is the Hubble constant and §2;; is the cosmological
density parameter. d4(r) and da(rs) are comoving angular diameter distances at a comoving
distances r and rs. We have assumed all sources to be at a single source plane at a distance
rs. The projected lensing power spectrum Cy is given in the Limber and Born approximations
by:

¢, — /0 ir chg)) P, <dj( = r) , (2.2)

The tomographic power spectrum Céj is given by restricting the line-of-sight integration for
sources in a particular estimated redshift bins (labelled by i, j):

Cil = /0 " ar Wigg(r) P ( df(r) : r) . (2.3)

the kernels W; and W; can be obtained by replacing r, in Eq.(2.1b) respectively by rg; and

rsj. The upperlimit of integration will be ry = min(rgy,rs;).
Throughout, we assume that all sources are located at a single redshift. For a distribution
of source redshifts there is a further radial integration.

c, — /Om dr 222((:)) P, (df( — r) , (2.4)

5(0) = /0 ek (0, 2)dzs = /0 T W ()0 (r); (2.5)

W(r) = /00 dzs W (r,rs)n(zs). (2.6)

The integral along the radial direction takes into account contribution from individual source
planes and n(zs) number density of sources at a source redshift z;. We will ignore any noise
due to intrinsic ellipticity distribution.

3 Separate Universe Formalism and Response Functions in Projection

In a SU formalism an infinite wavelength linear density perturbayion d;, = Dy is consid-
ered. Here D, is the linear growth and 7 is the amplitude of the perturbation at a redshift
z = 0. The amplitude 7 is constant over the SU simulation. For a real survey the entire
survey is divided into large enough sub-volumes where dr9 can still be considered constant
(infinite wavelength). The resulting background matter density d, is absorbed by redefining
the cosmological parameters (e.g., [40, 41]). We will denote the comoving coordinate, scale-
factor, comoving wave number, and power spectrum respectively as x, a(t), k and P(k). The



corresponding quantities in the modified cosmology will be denoted as x, a(t), k and ]5(1;)
We will also introduce d, and ¢, the Lagrangian and Eulerian perturbation as follows:

xa(t) = xa(t); 1464 = att) (3.1a

a®) )
(14+6,) = (14 34)°. (3.1b)
Qurh? = Qprh? (3.1c)
iP= 1406tz k= (1+0,)k. (3.1d)

Following the derivation in [38] We can expand d, and 6, in terms of the linear overdensity
01, = D4dro: The evolution of J, and J, in the fiducial cosmology can be solved using
a spherical collapse model. The resulting equations are further simplified by assuming an
Einstein de Sittter (EdS) background cosmology. The accuracy of such approximations have
been tested and was found to be better than a few percents (see [38] for more details).

—Z[M%%=Zﬁm% (3.2a)
—1/4,-1/21,-23/1701, - } (3.2b)

fi=

1,17/21, 341/567, - - - } (3.2¢)

The time dependence of J, and J, is implicit in their dependence on d7,. The power spectrum
in modified cosmology will be denoted as Pjs and in the fiducial cosmology by Pj are related
by the following expression:

Ps(k|oL) = [1 4 8,) Ps([1 + Salk)- (3.3)

The growth-only response function is denoted by G, and the total response function by R,.

Z %L n(k,t) Ps(k,t); (3.4a)
n=0
(k. t]6r) = Z L, (k,t) Ps(k,t). (3.4b)

The nth-order response function for the density contrast is given by the nth-order deriva-
tive of the power spectrum with the linearly extrapolated overdensity dr9. A normalisation
is also introduced by the power spectrum which renders the response function dimensionless.

1 d"Ps(k, t|o1)

Bk ) = 5000 d0r @) om0’ (3:5)
1 dnﬁ’(;(k,t)
Gk t) = B0ty don () oo (3:5D)
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Figure 2: Same as Fig.1 but for source redshift z; = 2.

The response functions can be recovered by Taylor expanding Eq(3.3). Next, we will focus on

response function for the power spectrum of the weak lensing convergence. We will express

these response functions in terms of the 3D response function for matter power spectrum.
The 2D power spectrum is given by:

Co(kr) = /OT‘S drg((:)) P; (dAE(T);r‘(SL> . (3.6)

We will refer to this as the local angular power spectrum. The global angular power spectrum

is recovered by taking 7, = 0 which leads to k7, = 0 and we recover Eq.(2.4). Using Eq.(3.4a)
we can write:

N Lo [, W20 ‘. g (L
Ce(kL) —T;)n! [0L0] /0 d 20 Ry, (dA(r)’ ) [D4(r)]" Ps <dA(r)’ ) (3.7)

Using the following notation:

KL = 0oL|km|;  Km = —/ ’ drDy (r) W (r); (3.8)
0

Notice this amounts to assuming &gz, is same at all redshift and is a global parameter. Indi-
vidual SU simulations will have a fixed §p7,. Big enough patches of the real sky that evolve
separately as SU can have different d;, in our formalism. One of the objective of SU is to
probe how the power spectra changes as a function of the local overdensity. where d7, is the
local over(under)-density and corresponding projected convergence is kp,

1 [ kg "/Ts W2(r) [ 14 ] < 14 >
Ci(kp) = — | — dr R, ;7| [Do(r)]" P, ,r . (3.9
) =X [t [ gy e | 0o (g ) - 9
We introduce the response functions for the 2D, 9, (¢), through:
— 1
Co(kr) = — Qn(0) K Co (3.10)
n=0



Comparing Eq.(4.8) with Eq.(3.9) we deduce that:

Qnll) = 11/0” PRGNS [d ¢ ,7‘] Dy (r)]"Ps (dfr)?) (3.11)

Ce |km|™ d% (r) A7) Al

The response function for cross-correlation of two different tomographic bins denoted by

indices ¢ and j can be derived similarly. We start from the definition of local cross-spectra:
y Wi(r ¢
C/(HL)() = / dTLUP(; *;T’5L RLX = [/{Z’mlﬁjm]n/z (3.12)
0 d%(r) r

We will later define the local cross-spectra in terms of k7 x which is a geometric mean of x,,;
and kp,; i.e. Ky, of the tomographic bins 7 and j respectively. Mathematically,

Kil, = 0rolKim|;  Kim = — /OTS drD(r) Wi(r); (3.13)
The response functions Qﬁg(ﬁ) for cross-spectra involving two tomographic is expressed as:
I (kpx) Z Q” /@’EXC;j; (3.14)
Combining Eq.(5.5) and Eq.(3.12)

; 1 1 s WEHr)Wi(r) 14 n 14
Qi) = - . |de/ gy [dA(T),r} RG) Pg(dA(r),r>. (3.15)

Throughout, we have used Limber approximation. The FFTlog based approach is often used

to go beyond the Limber approximation [43] in the modelling of projected power spectrum.
It is possible to incorporate a similar method to model the low-¢ behaviour of the response
functions. The expressions above are derived for single source plane. For generalisation to
a source distribution specified by n(z) we need to replace W (z) in Eq.(3.6), Eq.(3.11) and
other equations by W(z) as defined in Eq.(2.6). The definition of &, in Eq.(3.8) similarly
will have to be modified.

Figure 1 and 2 respectively. The details of our results will be discussed in §6



Next, from [38] we have used the following expressions:

Ro(k) = 1; (3.16a)

Ri(k) = fi + e ’f(,i’j) +Gi(h); (3.16b)
/ 2 /!

%RQ(k) = fa+e2 kﬁ(l({l;:) + €3 Zi(g) + %G2(k¢) + f1G1(k)

kP'(k)  kP'(k)

+fier ORI G1(k) + e kG (k); (3.16¢)
éRi;(k) = flGl(k)elk]]j(/g;) +fy o+ G36(k) +es k]]j(/](j) +fi GQQ(k) + fres k]]j(/g;)
+f1e%k;§(/]i])€> + f2Gi(k) + fzelk]f(/l(;;) + (fre1 + e2) kG (k) + e%szzlll(k)
+elkG/22(k) + e} kﬁég) kG (k) + ei’w + Qelegm
+ep kﬁ(,g;) G22(k) + Gy (k) <62 k]f;g;) +é? k;;’g}) (3.16d)

Notice that Eq.(3.16a)-Eq.(3.16d) are derived using a spherical collapse model of a given
patch of the universe characterised by a linear over(under) density d;.  For convergence
studies which directly probe the underlying density contrast § the response of halo occupancy
distributions are not important, but in case of magnification studies they may have to take
into account [42]. The expressions are the leading order terms in dr. Next-to-leading order
corrections can also be computed by extending the series expansion beyond leading order.
However this has no bearing on the modelling of the local power spectrum P(k) which can be
fully nonlinear. For the purpose of this paper we consider the halo model. We also present
results for linear and from second-order correction as references. Many improvements of the
halo model are discussed in the literature which can also be used in predicting the P(k). In
our notation 15+ (t) represents the linear growth rate. The growth only response functions,
denoted as G, takes a particularly simpler form when computed using linear theory.

Notice that the response functions R,, (k) take a rather simpler form when we approximate
the power spectrum locally as a power law. In this case, we can write P(k) o< k™ which leads
us to kP'(k)/P(k) = n and k? P"(k)/P(k) = n(n — 1), and to a good approximation the
growth rate G(k) is scale-independent.

-9
1 d"D
Gn =yt | 3.17a
D2 do} ls =0 ( )
Dy(t) = Dy(1)> _g,00]™; (3.17b)
n=0
gn=0,1,2,34 = {1,13/21,71/189,--- }; (3.17¢)
Gn=01234 ={1,26/21,3002/1323,--- }. (3.17d)
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Figure 3: The response functions Ry defined in Eq.(3.16b)-Eq.(3.16d) are shown. From left
to right panels depict N = 1,2 and N = 3. The simulation redshift is at z; = 1. Various line
styles correspond to different analytical models, linear, one-loop and halo model as indicated
(see text for details).

In the linear theory Eq.(3.3) takes the following form for the linear power spectrum local Pr,
and the fiducial power spectrum Py, riq:

~ 2
Pﬂhﬂ&ﬁ=(1+%@n<gig> By gialll + a0, ). (3.18)

Next, we turn our attention to a perturbative quasilinear calculation of response functions.
The response functions for the density contrast § are related to the angle averaged squeezed
limits of correlation functions Sj;\_z defined as follows:
A [ dQy s
S ok, K ke, kn_o) = .
N—al 1s N-2) A i

. Sna(k, K k1, kn—2)
Ry_o(k) =1
n-2(k) = limy P, (k1) Pp(kn—2)

(0(k)o(k")o(k1) - - (kn—2))". (3.19a)

(3.19D)

Notice that S%_,(k, k', k1, kn_2) is only non-zero when k = &’ in the limit k; — 0. Here,
in = sin ;d¢;. The angles Qz = (0;, ¢;) are the angles associated with wave vectork and Py,
is the linear power spectrum. We have used following shorthand notation above:

(5(1)3(K)8(ks) - (ko)) = (27)*0an (ks + - - + ky_2)
X (6(K)S(K)3(ky ) - - (k) (3.20)

Here, d,p represents the n-dimensional Dirac delta function. In case of 2D convergence or

rsimilarly we have:

df df

Sk (0,0 by, Uy_o) / L. / L (L) - - k(ly_g)).  (3.21a)
SR (U —2)

QN*Q(K) - ll,lglo Cégl C?N , . (32]‘b)
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to different analytical models, linear, one-loop and halo model as indicated.

In the above expression 6; is the polar angle of the vector 1; and ¢; = |l;]. Notice also
Sh_o(, 0 0y, UN_3) is only non-zero when ¢ = ¢’ in the limit ¢; — 0.The power spectrum
¢, 1s the linear convergence power spectrum for the same source distribution. The following

notation was used:

(RR)R(L) - K(ly—2)) = (27)5p (L + -+ Ly_2)
< (k(Mr@)k() - K(ly_2)) (3.21¢)

Here, Eq.(3.21a)-Eq,(3.21c¢) correspond to flat-sky approximations. The projected higher-
order squeezed spectra are not identical to the projected response functions of same order.
See for exact perturbative results in Appendix-§A

3.1 Beyond Linear Theory - Loop Corrections

In the standard perturbation theory (SPT) the power spectrum at a redshift z has the fol-
lowing expression (e.g., [12]):

PSP (k) = D2 Py (k) + D} PY1P (k) + DS P271°P (k) + - .. (3.22)

Here Pl~1oop p2-loop denpte loop-level corrections to the linear power spectrum Pr. In the
previous section we used the linear power spectrum for computing the response functions.
Perturbative corrections to the linear theory as given in Eq.(3.22) can improve these predic-
tions when used in association with Eq.(3.16¢)-Eq.(3.16d).

While Eq.(3.16a)-Eq.(3.16d) are derived using d;, < 1 this doesn’t restrict the nature of
the local power spectrum that can be used to compute the response functions. The perturba-
tive nature of linear and 1-loop power spectrum is used here as a reference. Both linear and
1-loop power spectrum are expected to expected to diverge at low k. To improve convergence
it is possible to include higher-order loop corrections or consider counter terms prescribed in
Effective Field Theory (EFT).

,10,



3.2 Halo Model Response Functions

Next, we compute the response functions in a halo model. We will use the universal halo
profile from Ref.[44]. We use the halo mass function by Tinker et al.[45]. For halo bias we
use [46, 47], and finally we use the prescription by [48] for halo concentrations.

We introduce the following notation:

M
ID (ki,- - km) = /dlnMn(lnM) <_

- )mbn<M>u<M|k1> (M) (3.23)

Here b, (M) is the n-th order bias and w(M]|k;) is the Fourier transform of the halo profile
and k; are the wave numbers. The power spectrum in the halo model has two contributions
known as the 1-halo and 2-halo contribution P, (k) and Py (k) [50]:

PHM(k) = Pgh(k?) + Plh(k‘); (3.24&)
Pop(k) = [ (F)*Pr(k);  Pia(k) = I3 (k, k). (3.24b)

Following Ref.([49]) we can write the position-dependent 1-halo contribution as [50]:

[e.9]

Plh k t‘(sLo Z k‘ k t (SL] . (3.25&)
n*O

The 2-halo contribution is similarly given by [50]:

Pgh(k‘ t |5L0 (Z fn 6L ) ]
X (Z —I”“(k: DI ) Piin (Z i‘en[aL]”> k] : (3.26)
n=0 ’

n=0
Finally, the response functions in the halo model are given by [38]:

dIn P(k

REMGE) = [+ 201+ 0D k) 4 1300, ) (3.272)
dIn P(k

REM(k) = 202+ 290 + (fi + 2g1)e1dlnl(€)

dinP(k) 5 dzp(k)} Pop(k,t) + I3(k, k,t).  (3.27h)

297 + 4 2
R e Ty A B iy %>

Notice these results correspond to the traditional halo model which uses the standard tree-
level perturbation theory. Recently, a prescription to incorporate EFT based results in halo
model [51] was proposed. Such corrections when included in halo model and 1-loop power
spectrum in Eq.(3.22) can improve the agreement between the two models at high k.

The discrepancy seen at low k in Ry may be a result of not imposing mass conservation
in a halo model as was pointed out in [52]. It is possible to replace P, (k) in Eq.(3.24b) with
PSPT(k) defined in Eq.(3.22). This will make HM models to match SPT predictions up to

— 11 —
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scales comparable to the halo size where the 1-halo term takes over. This will improve the
agreement between 1-loop results and halo model based predictions of response functions.

The values of the coefficients e;, f; and g; are derived in [38]. The n—th order response
function we have derived correspond to the Lagrangian density contrast J, and is generally
denoted as R to distinguish it from the Eulerian response function related to density contrast
dp. The conversion between the Lagrangian and Eulerian response functions is given by:

Ry (k) = Ry (k); (3.28a)
Ry (k) = Ry (k) — 2foR{ (k); (3.28b)
RY (k) = Ry (k) — 6faRy (k) + 6(2f5 — f3)Ra(k). (3.28¢c)

We have computed the Lagrangian projected response functions (Qn by using the 3D La-

grangian response function RlL(k‘) However, the projected Eulerian response functions can

be computed using R¥(k) in a straight forward manner. In addition to the perturbation

theory and halo model based results, as mentioned above, the response functions can also be

computed using the Effective Field Theory (EFT) predictions for the power spectrum [53].
Our numerical results for Ry for the redshift z = 0 are presented in Figure-3.

3.3 Response Functions for Two-point Correlation Function

In this section we will extend the results derived above to real space and derive the response
functions for the two-point correlation function: £(012) = (k(0)k(0 + 012)). Isotropy and
homogeneity dictates £(f12) only depends on the separation 615 = |012]|. For surveys with
small sky-coverage and masks with non-trivial topology, response functions defined for two-
point correlation function are easier to implement [54-56]. We begin by defining the local

- 12 —



estimate of the two-point correlation function (2PCF) £(612) as

l Y4
1 max 1 max
f(@lg‘lﬁ}[/) = E g (264— I)Pg(COS 912)0@(%[) ~ % ; &]0(6912)0@(/4@) (3.29&)

Here P, is the Legendre polynomial of order £. The second equality is valid only in the flat-sky
approximation. Here, Jy denotes the Bessel functions of the first kind of zeroth-order.

The corresponding global two-point correlation function £(6) can be recovered by replac-
ing the local power spectrum Cy(kz) with its global counterpart C;. The n-th order response
function ¥,, as the n- order derivative of the local correlation function £(6|xz) w.r.t the local
convergence Kr,:

1 dn§(912|lﬁ}L)
5(912) d/ﬁ%

Yn(012) = (3.29b)
Using Eq.(4.8) in combination with Eq.(3.29a) we can express %, (012) in terms of Q,(¢)
which both carry equivalent information:

11
Sn(012) = ) i Ez; (2¢ +1)CpQ (£) Py(cos b12).

J4
1 max
o D T (0012)CeQn (0). (3.29¢)
/=0

The second equality is valid in the flat-sky approximation. The lowest-order response function
for two-point correlation functions was studied recently in [54, 56-59]. In Figure-4 we show
Y (012) which will be discussed in §6.

4 Response Functions for 3D Weak Lensing

A method to use photometric redshifts to study three-dimensional weak lensing was intro-
duced in [60]. Subsequently, this technique was developed by many authors see, e.g.,[61, 62].
Here we generalise the concept of global 3D shear power spectrum to a local one. The local
shear power spectrum denoted as Cgv(rl, rg‘n L1, Kr2) is given by:

902 H§ (£ + 2)!
1674c2 (¢ —2)!

/C”‘:VV(n,kyaL)mrz,ky(sL>; (4.1a)

C)7(r1,ra|kL1, KL2) = 2 Ve

KLi = OLilkmil;  Kmi = _/ Sl drDy (1) Wi(r). (4.1b)
0

Here, £p,;, i.e. the minimum value of kr; depends on the radial distance r; both through
the maximum of the integration as well as through the weight W;. Notice that the global
3D spectrum C,” (r1,72) is recovered for 67 = 0 in which limit kz; = 0. The spectroscopic
surveys can measure the radial distances with higher accuracy but typically for fewer objects.
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Figure 6: The 3D response functions |, |**? Qqp defined in Eq.(4.9) are shown for the source
redshift zs = 1.0. From left to right panels depict |k |>Q11, |km|*Q22 and |k,,|°Q33. Various
line styles correspond to different analytical models, linear (dashed), one-loop (dotted) and
halo model (solid) as indicated.
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Figure 7: Same as Fig-6 but for z; = 2.0

In comparision photometric surveys target a higher number of galaxies, but in general with
larger redshift uncertainities. The formalism here is suitable for photometric surveys. The
quantities V7 in Eq.(4.1a) is expressed using a new function Uy

V](m,k‘\éL)E/dzpdz’n(zp)p(z'|zp)WiUg(r[zp],k); (4.2a)
Ui(r(z], k|dor) = /OT dr’a1(7")(Trﬁjg(krl)Pl/Q(k;r’ML). (4.2b)

Here, jy is the spherical Bessel Function of order £. The cross-power spectrum involving two
different redshifts (equivalently, two different radial distances) is often factorized using the
corresponding geometric mean, i.e., Ps(k,71,79) = [Ps(k,r1)Ps(k,r2)]*/2. This approxima-
tion reduces a higher-dimensional integral to a product of lower-dimensional integrals. The
accuracy of this ansatz was scrutinized in [63] in the context of weak lensing and was found
to be at the level of 10% for scales k > 5h~'Mpc. However notice that, using Zeldovich
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Approximation ref.[64], it was shown that higher accuracy can be achieved. Indeed, we
have a generalised the factorization scheme by adopting it for local power spectrum, i.e.,
Ps(k, 71, 72|61) = [Ps(k, r1|61) Ps(k, r2]6)]1/2. Next, by Taylor expanding Py/*(k, t|61)

vﬂﬂhmmzpmw@E:%nw@. (4.3)
.
n=0

The coefficients T,, can be expressed in terms R,, using Eq.(4.3).

1

T1 = §R1; (44&)
1

n:—?ﬁ+&; (4.4b)
3 3 1

R:gﬁ—lm&+§m. (4.4c)

In Figure-5 we show our results for Txy. The discussions will be presented in §6. It is expected
that the radius of convergence for the Taylor expansion of T%/2 will be smaller than the original
Taylor expansion of T'. We will also Taylor expand the functions U, and V:

0 (m 6
Uyl tlon) = 37 LU (k1) Vik,tlor) = 3 SV (k). (4.5)
n=0 n=0
This will allow use to express the coeflicients Uy in terms of the response functions T, and
subsequently R,.

n) 1 T =) / 1/2 '

U, (k,t) = dr'a™ (r")——jo(kr' YT, (k, t) P~/*(k;r"). (4.6)
[Km|™ Jo rr!

Using the Limber approximation (see [65] for a detailed derivation and relation to other

such interrelated approximation. e.g.,flat-sky approximation as well as next-to-leading-order

corrections to the Limber approximation) limy_, je(z) = | /Wép(ﬁ +1/2 — z) we can

simplify this to the following form [66]:

U0 00) = e ) o T T L) P L) (4

where we have used the following shorthand notation: L£(k) = (¢ 4+ 1/2)/k. A less accurate
approximation is also used limy_,oc je(z) = /2;0p({—x), which amounts to using L(k) = £/k.
Taylor expanding the power spectrum in a bivariate series we define the response functions
for the 3D power spectrum:

(e 9]

C)(r1,ra|kL1, KL2) = Z
a,b=0

11

aa Qab('l"177"2,€) /‘f%lﬁ%Q CZ'Y(T17’["2), (48)
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The 3D response functions Q;, of order ab is a function of two source redshifts r; and o
and are given by:
9%, HG (+2)! [ dk

Qab(rl7r27€) - 167T4C2 (6—2)' ﬁ‘/fa(rl7k)‘/fb(r27k)‘ (49)

For specific forms for the radial distribution of galaxies denoted by n(z) and photometric
smoothing p(z|z,) see [67] which we have ignored. We will also take ry = rp. For the results
shown for Qg in Figure-6 and Figure-7, we assume a single source redshift (z; = 1 or 2)
instead of the source distribution. We also neglect the photo-z error and replaced p(z|zp) it
with a delta function.

5 k-cut Response Functions

As is well known, the cosmic shear statistics is very sensitive to small scale power which de-
pends on poorly understood nonlinear physics as well as baryonic feedback. Many techniques
have been developed from brute force N-body simulation to model small scale behaviour
with subsequent marginalisation over small scale power spectra to develop emulator based
approach that can be combined with fast Monte Carlo Markov Chain schemes. However, each
of this techniques are either too expensive or lacks sufficient accuracy required for stage-IV
experiments.

A solution to this problem was first proposed in [62] (see also [67]) that is geometric
in nature and cuts out the weak lensing spectrum’s sensitivity to small scale structure in a
tunable power. We will refer to the power spectra computed in this manner as k-cut power
spectra. This method relies on a nulling scheme that is achieved by applying a similarity
transform to the weak lensing spectra following [68]. The key aspect of this transformation
is that it organises the lensing information in the lens plane instead of the source plane.
Next, taking advantage of the fact that each bin constructed in this manner corresponds to
a particular lens redshift range, so taking an angular scale cut thus also removes sensitivity
to large-k (small scales) in a uniform manner. In this section we generalise the idea idea of
k-cut spectra to k-cut response functions [67, 68].

If we consider a set of discrete source planes at radial distances r;,

- : 2 cda(ri —r)da(r
Wa(r) = Y s = 200 3 g M D, (5.1

7 @ Ti>T

where {p;} are a set of weights associated with source planes. The key step in implementing
the nulling scheme introduced in [68] is to select weights in such a manner that is the weighted
convergence K, is only sensitive to lenses in a specific radial distance.

Ro = Zpg/@i. (5.2a)
i
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In the harmonic domain:

"%a,ém = ZP@M,(ZM (52b)

i
We will refer to above transformation as the Bernardeau-Nishimichi-Taruya (BNT) transfor-
mation, and £, as BNT transformed convergence. It can be shown that the BNT weighted
B*

- . . Im
¢,/ = (k},,k,) ) through the following similarity (BNT) transformation.

Co =" piphcy. (5.3)
i?j

power spectra denoted as ég‘ﬁ = (Kp,Kp,) s related to the ordinary tomographic spectra

In a more compact matrix notation we can express the similarity transform as:
C,=MC,M”. (5.4)
Construction of the transformation matrix M from the weights p’, which satisfies various

constraints, is detailed in [67, 68].

[e.9]

500/ ~, 1 o ~ S0
CoP(Rrx) =Y ] QP (0) R xCPP. (5.5)
n=0

This is the BNT equivalent of Eq.(2.3). We can now define the position dependent BNT
transformed tomographic spectra é?B(RLX) that depends on Apx = [RLQRL5]1/2. Going
through the algebra we find the equivalent of Eq.(3.11):

Naf3 :i; Ts fWa(T)WB(T) /¢ . . . / )
@t c;“ﬁlf%Lx\”/o a &2 (r) Fn [dA(r)’ }[D+( )] P(s(dA(r), > (5.6)

The corresponding expression for tomographic binning is given in Eq.(3.11). Notice the

normalisation of the k-cut response function Q?B is different from that of the ordinary response
functions Q?ﬁ . The following definitions were used to express K1, x:

Rar = 0L|Kaml; Ram = Zpgmm(r) = —/0 dr D (r) Zpiwi(r). (5.7a)

3

Applying a suitable ¢ cut-off in Eq.(3.11) we can systematically remove the high-k£ modes.

6 Results and Discussions

In Figure-1 we show the response functions @ defined in Eq.(3.11) are shown. From left-to
right panels depict N = 1,2 and N = 3. The source redshift is at z; = 1. Various line-styles
correspond to different analytical models, linear, one-loop and halo model as indicated. In
Figure-2 we present the corresponding results for the source redshift z; = 2.0. The predictions
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from one-loop SPT for lower order response functions show relatively better agreement with
the HM models

Typically, for the intermediate range of £ values most models show an increasing trend.
While the halo model predictions show a declining trend at higher-¢ the predictions based on
1-loop saturates at a rather high value. The predictions based on linear theory are relatively
more stable. While each of these predictions need to be checked against simulations for
accuracy, it is clear that the response function based approach can probe squeezed bi- or
trispectrum and relatively easily to implement compared to the full analysis of higher-order
spectra.

The linear and 1-loop corrections are not expected to be valid in the high-¢ regime as
they are unable to probe the nonlinear physics of gravitational clustering. The disagreement
is more pronounced at lower redshift as at a lower redshift weak lensing probes higher-level
of nonlinearity in the background perturbations. The linear and quasilinear 1-loop power
spectra diverge more rapidly. The departure from HM is pronounced even at relatively lower
£. The deviations also increase with the order N of the response functions. We have used
the linear and 1-loop predictions as a reference. The HM models are expected to be more
accurate.

In Figure-3 we show the corresponding response functions for the underlying matter
distribution z = 1. The response functions Ry defined in Eq.(3.16b)-Eq.(3.16d) are shown.
From left to right panels depict N = 1,2 and N = 3. For the response function R; various
models agree with each other for k& < 0.5h Mpc™".
pronounced at lower z and higher N. At low k the two halo term P, plays a dominant

The disagreement among them is more

role. The two-halo contributions of HM matches with the linear and quasilinear (1-loop)
predictions. However, one-halo term Pj; that dominate at smaller scales capture the highly
nonlinear physics which is non-perturbative in nature and is not expected to be captured by
the quasilinear modelling,

As mentioned before our results correspond to the tree-level halo model which is based on
the standard tree-level perturbation theory. Recent prescriptions to incorporate EFT based
counter-terms in halo model [51] can improve the agreement between the halo model and
1-loop calculations at a relatively high k.

In Figure-4 we show the response functions for the correlation function. The source
redshift is fixed at z; = 1. The response functions ¥ defined in Eq.(3.29¢) are shown for the
source redshift z; = 1.0. From left to right panels depict N = 1,2 and N = 3. Various line
styles correspond to different analytical models, linear, one-loop and halo model as indicated.
As expected for large separation angle 8 all models show similar trends, but they differ in the
small separation regime. The results depend on £,,,,,. We have used £, = 2000.

In Figure-5 we have plotted the T parameters defined in Eq.(4.4a) - Eq.(4.4c). These
coefficients can be obtained by Taylor expanding square roots of the ratio of local and global
power spectrum PY2(k,r|6)/PY?(k,r) and are related to the coefficients Ry and are func-
tions of the wave number k. The trends in Ty with z and N is dictated by similar trends in
Ry.
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The Figure-6 shows 3D response functions for z; = 1 and Figure-7 corresponds to z; = 2.
The 3D response function is defined in Eq.(4.8). In 3D the response function depends on
two different source redshiftd z5; = 1 and z55 = 2. From left to right panels depict @11, Q22
and @33. We show these results for linear theory and 1-loop SPT. In agreement with their
projected (2D) counterparts one-loop corrections show departure at increasing lower ¢. For
z = 1, halo model show good agreement with 1-loop predictions for ¢ < 300 @1;. The halo
model deviates at an increasing low ¢ with the increase of the order of the response function.

7 Conclusion and Future Prospects

Several authors in recent years have used SU formalism in the context of galaxy clustering
studies (e.g. [49, 69, 70]). In this paper we have introduced the response functions approach
for analysing the higher-order statistics of weak lensing convergence maps. We have also
extended the real space based correlation function results [71] developed for galaxy surveys
for the case of weak lensing surveys. The response functions for the correlation functions
presented here can be generalised to 3 x 2 correlation functions typically used to analyse the
data from weak lensing surveys. For a different approach to response function see [32].

We have explored the response functions for weak lensing power spectrum. However, the
formalism discussed here can be generalised for bispectrum and other higher-order statistics.
Separate Universe N-body simulations for dark matter clustering are currently available,
but separate universe weak lensing convergence or shear maps from such simulations are
currently unavailable. We hope our study will motivate development of such simulations.
The validity range of various approximations used in our derivation can then be tested when
such simulations become available.

The forward modelling studies based on power spectrum have gained popularity in recent
years. These studies can be extended to include the information regarding non-Gaussianity
using the response functions introduced here without much additional computational over-
head.

To compute the signal-to-noise associated with the response functions we have studied
here, the covariance matrices for these statistics is needed, which will be presented in a
separate publication.

The preferential alignments of halos due to tidal interactions is responsible for what
is also known as intrinsic alignment (IA) and is considered to be a systematics for weak
lensing surveys see [72] for KiDS and [73] for DES. It is believed that for analysing the future
surveys such as Euclid and LSST it will be vital to understand TA in a lot more detail.
Many authors on the other hand have gone a step forward and underlined the usefulness
of TA as a cosmological probe. Most statistical modelings of ITA is devoted to halo model
based approaches. In [53] an effective field theory (EFT) based approach was developed for
modelling of power spectrum and in [74] the authors have focused on bispectrum induced by
IA. A response function based approach that only relies on modelling of power spectrum [75]
and its derivatives will be presented elsewhere.
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The theoretical framework developed here will also be useful beyond weak lensing studies
in other areas of cosmology, e.g., in the context of Lyman-a [76] absorption studies, 21cm
studies [77] and studies of CMB secondaries|78].
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Perturbative Results

Following [79], the expression for the exact 2D expression is given by:
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and also the doubly squeezed trispectrum is given by:

S(0) = Ny [1‘;;3 - %(n +2)+ %(n + 2)2] (A.2a)
B O CORY
Ng_/o drm/ (/0 er> (A.2b)
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